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Abstract 



By regularizing the singularities appearing in the two dimensional Regge cal- 
culus by means of a segment of a sphere or pseudo-sphere and then taking the 
regulator to zero, we obtain a simple formula for the gauge volume which appears 
in the functional integral. Such a formula is an analytic function of the opening 
of the conic singularity in the interval from tt to 4-7T and in the continuum limit 
it goes over to the correct result. 
Much interest has been recently devoted to the discrete approach to two dimensional gravity 
both in the dynamical triangulation and in the Regge approach It appears that dealing 

with such a problem in the Regge framework needs a correct treatment of the measure . The 
attitude we shall adopt here [f| is that to consider the Regge skeleton as defining a geometry 
described by a metric g^ u , which is flat except at the vertices where the curvature becomes 
singular. 

The functional integration has to be performed on the metric, with a distance denned by 
the De Witt super-metric. In order to do that, a gauge fixing has to be introduced and one has 
to keep into account the correct gauge volume given by the Faddeev-Popov (FP) determinant. 
Such an approach is the one which has proven successful in the continuum formulation [0-0] 
and has been advocated e.g. by Jevicki and Ninomiya |J in the Regge framework. In practice 
the functional integration is given by the integral over the link lengths /j multiplied by a 
determinant which takes into account how the gauge fixed metric depends on the Zj, times the 
FP determinant. The computation of the first determinant is rather straightforward as it does 
not involve divergent quantities. Instead we shall concentrate here on the computation of the 
FP part. It will be shown that following a procedure developed by Aurell and Salomonson 
for the computation of the determinant of the scalar Laplacian, it is possible to give an 
exact expression for such a determinant. In the continuum limit it will reproduce the well 
known result. The FP determinant in question is given by det' (L^L) where L is the differential 
operator which takes from a vector field £ M which generates a diffeomorphism to the traceless 
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part of the change in the metric and I) is its adjoint. In general if we denote by g^ v the 
background metric and with a the conformal factor with g = e 2a g, we have L = e 2a Le~ 2a and 
= e~ D(7 De ( < D ~ 2 ' >cr where D is the dimension of space-time. In two dimensions we shall use 
the complex coordinate oj and write £ = £1 + i& for the vector field and h — hn + ihu for 

the traceless symmetric tensor field. With the background metric g^ = 5^, L and D take the 

d d 
simple form L = — and D = ——— and thus 

oui ouj 

rtr _ r -2 CT d 2a d -2a /-, \ 

and 

det'(L^L) is a divergent quantity and as usual it will be defined through the procedure of 
Z-function regularization. We have 

Z{s) = — dtt^Tr'(e-^ L ) (3) 
I (s) Jo 

and 

- log(det'(LtL)) = Z'(s)\ s=0 = 1eZ{$) + Finite^ / ^Ti'(e' tL ' L ) (4) 

Jt t 

where det' denotes the determinant after removing the zero modes. 

Following the standard procedure developed in the continuum approach, Z'(0) will be com- 
puted by first performing a variation 5a in the conformal factor and later integrating back the 
result. For the case at hand we have 

SZ'(0) = 7 S 5c^ + Finite^ / d 2 x[Aa(x)(K(x, x, e) - £ \^u(x)\ 2 ) + 

-25a(x)(H(x,x,e) -J2\$„(x)\ 2 )] (5) 

V 

where K is the heat kernel of the operator L'L, H is the heat kernel of the operator LL^; 
ty u (x) and $ v (x) denote the normalized zero modes of VL and LlJ respectively and Cq = 
Z(0) + dimKer (L^L) is the constant term in the asymptotic expansion of the trace of K(x, x', t). 



The main point is the computation of K(x, x', t) and H (x, x', t) which respect the correct 
boundary conditions imposed by the nature of the vector field £ and of the tensor field h. The 
cone can be described in the z = x + iy plane, by a wedge of angular opening 2na (a = 1 is the 
plane). The conformal variation considered is the same adopted in || for the scalar Laplacian, 
which takes from a cone with some opening angle 2ira and extension A to a cone with varied 
opening angle a + 5a and extension A + 5X. Such a conformal transformation is described by 
the variation || in the z-plane 

8a(z,z) = (5\-\—) + — ]og(a\z\). (6) 
a a 

The vector field £ M that describes the 2-dimensional diffeomorphisms on a cone can be rep- 
resented by the complex scalar £ provided one imposes that the phase change 2n5 on the 
boundary, equals the opening angle 2ira of the cone modulo 2tt. A similar condition holds for 
the complex field h representing the tensor, provided we replace 2tt5 by Att5 modulo 2tt. 
The spectral representation of the heat kernel on the cone is given by 

1 f oo 
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K aS (r,r';t) = — I Y e 1 ^'^ / Ju^ir/i) .Wr'/i)^ 2 /idfi+ 
2™ Jo 

00 _ /*oo 1 

+ Ve-W Jn^(r f i)Jn = s(r'fi)e- t ^ fid/i\ (7) 

n=l Jo a a J 

and is valid for Re v > — 1 (y is the index of the Bessel function). Following a well known 
procedure p3| , [TT|j eq.(0) can be rewritten as a contour integral 

1 r T-(C+^-^')(2<5-l) 



^ (r ' r ' t)= 16^// Ce " 



sin<±« 

2o 



where the contour A is composed of two branches, one starting at 7r-Moo and ending at — n + ioo 
and the other starting at —n — ioo and ending at n — zoo. One can obtain the constant term Cq 
in the asymptotic expansion of the heat kernel by first extracting the contribution on the 
plane and, after taking the trace inside the integral, by a proper deformation of the integration 



contour. We remark that such a procedure works for 25 — 1 < 2a + 1. The result is [11,12 



C ° " 2a + 12a ' [J) 
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Dowker's choice for 5 is < 5 < 1 and gives rise to a heat kernel which is regular at the origin. 
This is simply checked by showing that for r = 0, K vanishes because in this case one can close 
the integration contours at infinity. This is not the case for 5 < or 5 > 1, as can be seen from 
eq.(^) due to the appearance of Bessel's functions of negative index, even if the integral for r 
and r' different from zero still converges. 

A straightforward application of (Q) with the standard choice < 5 < 1 gives for a = 1 + e 
with e < 0, Cq = E - + 0(e 2 ) and cjf = + 0(e 2 ) while for e > 0, cjf = — ^ + 0(e 2 ) and 
c* = - £ + 0(e 2 ). 

These results give the wrong continuum limit (e — > 0) for the FP determinant, both for 
positive and negative e. 

The problem is that the choice of the heat kernel cannot be made a priori, but should be an 
outcome of the meaning of the tip of the cone as a locus of infinite positive (a < 1) or negative 
curvature (a > 1). We shall examine the problem by looking at the cone as a limit case of a 
regular geometry. For positive curvature we shall describe the tip of the cone as a segment of 
a sphere which connects smoothly with the cone and for negative curvature we shall describe 
the tip of the cone as a segment of the Poincare pseudo-sphere of constant negative curvature. 

The limit we are interested in, is the one of the radius of the sphere going to zero, 
keeping constant the integrated curvature. The sphere of radius |p, of constant curvature 
R = —2e~ 2cr Aa = 8p~ 2 or the pseudo-sphere of constant curvature R = —8p~ 2 are described 
by the conformal projection on the complex uo plane where the metric is given by the conformal 
factor e 2a = (1 ± uu)~ 2 with u = uj/p. 

The integrated curvature on the segment of the sphere or pseudo-sphere between r = and 
ro = pvo, (r = |a>| and v = \u\), is given by ±87u;q/(i ± Vq) and is related to the opening angle 
of the cone 2wa by 

Vq = for the sphere (0 < a < 1) (10) 

1 + a 

and 

a — I 

Vq = — -j— j- for the pseudo — sphere (1 < a). (11) 
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From (|T0|) and (|TT]) we see that a segment of sphere or pseudo-sphere with given integrated 
curvature or equivalently, given angular opening of the cone that matches with the segment of 
the sphere, is described by a fixed value v , corresponding to r = pv Q . 

On the other hand the cone is described on the uo plane by the transformation z = x + iy = 
cuo a , which produces on the uo plane the conformal factor e 2a = c 2 (uouo) a ~ l where c is fixed by 
the relation 

(li^V^cVo 2 )^ 1 , (12) 
being tq the radius in the u;-plane at which the sphere or the pseudo-sphere connects to the 

Un 



cone. Hence we obtain c = p a 5-. In going over from the z to the cu-plane the vector field 

1 ± v$ 

£ acquire a Jacobian factor cd> Q_1 and the tensor field h a factor (cud " 1 ) 2 . We are interested 



in the eigensolutions of L^L on such a regularized cone which are regular for uo = 0. We shall 
compute these eigenf unctions on the sphere or pseudo-sphere and then connect them smoothly 
with those on the cone. 

Solving explicitly the eigenvalue equation we find, for the eigensolutions with orbital angular 
momentum m on the sphere 

m = n > £W = 2^1(71 + 2, 1 - 7a ; n + 1; (13) 

,2 



11 V 

— 2^1(71 + 2, l-7i;n + l;— - 

I _|_ v iy 1 _|_ v 2 

v 2 



m = -n<0 e W =u n 2*1(71, -1- 7i5 n + 1;- ~) (14) 

1 + ir 



where 71 = ~(— 1 + J 9 + 4(p/i) 2 ). For p 2 = they reduce to 



it 

m = n>0 — — — (15) 

(1 + uu) z 

u n 2 2 

m = -n < —\(l + uu) 2 uu(l + uu) 2 + - - z(uu) 2 }. (16) 

(l + uu) 2lK ' n + l v ' {n + l){n + 2) y Ji K J 

On the pseudo-sphere we have 



m = n>0 = ^ - 2 Fx( 72 + 2, 1 - 72 ; n + 1; ^— r ) (17) 

,2 



m = -n<0 e W =w n 2^(72,-1 -72^ + 1;-^-) (1* 

v 1 — 1 



where 72 = |(— 1 + y 9 — 4(pp) 2 ). For p 2 = we obtain 
m = n > 



(1 — uu) 2 



m 



-n<0 



— [(1 -uu 



-mt(l — uu) 2 + 



M 2 1 



1-mm) 2L ^ ' n + l""~ v ~ ' (ra + l)(ra + 2) 

The general eingensolution on the cone for orbital angular momentum m has the form 



(19) 
(20) 



Jm) 
Sext 
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a — 1 

[uu)~ [a(p)J 1 (2p/j,pv a ) + b(p) J^ / (2p/j J pv a )} 



(21) 



Tfl ~\- OL — 1 

where 7 = and p 



v, 



.l-Q 





r . The coefficient a(p) and b(p) are fixed by requiring the 



a 1 ± v 2 ' 

continuity of the logarithmic derivative of e _2o "£ with respect to a) at \uj\ = r . In fact from the 
structure of eigenvalue equation e _2fT ^je 2<J ^e~ 2cr ^ = — p 2 £, we see that failing to satisfy such 
a condition would produce a singular contribution at the matching point. We are interested in 
the matching condition in the limit where the regulator p tends to 0. 

Let us consider first m = n > 0. For small p the interior solution multiplied by the factor 
e~ 2fT becomes 



1 + (p/i) 2 / 



uu 



+ o((ppy 



. 1 ± uu j 

while the exterior solution multiplied by the conformal factor e~ 2a becomes 



(22) 



(ppVa{p)u n l + Cl (pu)\uuT + 0((puy) + (pu)^b(p)u- n (uuy- a + 0((pu) 2 ) 



(23) 

We notice that the lowest order in the first term of ( [Z3"D has vanishing derivative with respect 
to cu. Thus the continuity of the logarithmic derivative for small pp takes the form 



p p a(p)c 3 + c 4 b(p)(pp)- 2 ~< 



(24) 



which solved in -A- gives 
a{p) 



b(p) (p/i) 2 +^( Cl - kc 3 ) 



(25) 



a(p) k(pu) 2 Ci - c 2 

Thus for m > we see that for 2 + 27 > 0, i.e. a > ~, 6(p) vanishes when the regulator is 
removed at constant integrated curvature. 
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Similarly one can deal with m = —n < 0. In this case the derivative of the interior solution 
multiplied by the conformal factor tends to a finite limits for (pp) 2 — > and the analog of 
equation fl25|) is 

= (c 5 - k lC7 )(pn)- 2 ^ 
b(p) hc 8 - c 6 

Thus for m < we have a(p) — > for 7 < 0, i.e. for a < 2. 

Thus we reached the conclusion that for the opening of the cone 27ra with | < a < 2, as the 
regulator is removed, only the term J m + a -i survives for m > 0, while for m < the surviving 
term is J m+a-i . Going over to the coordinate the heat kernel K(x,x';t) is thus given by 

a 

(|) with 5 = a- 1. 

We come now to the heat kernel H for the field h. The requirement || that det'(L'L) = 
det'(LL') fixes the eigenfunctions of LL^ to h — L£. Thus the eigenfunctions of LL^ are given 
in the z coordinate for m > by 



d_ 

dz 



' ' 2 J 7 (2/i(^)i) 



(27) 

which through a well known identity on the Bessel functions equals 



7+1 

p[ Z -) 2 J 7+1 (2/x(^)3), (2S) 
while for m < they are given by 

. .111 

2 J- 7 -i(2/^#), (29) 

?TZ "t - — 1 

always with 7 = . The net result is that the heat kernel H is given by flST) with 

a 

5 = 2a-l. 

We come now back to eq.@. Applying Dowker's procedure to K — K a a _i we obtain 

K _ (q-l)(q-2) | 1-a 2 



and for if = i^Q, 2a _i 



2a 12a 



= (2a - 11(^-2) W 
2a 12a K J 
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We notice that 2{cq — Cq) = 3(1 — a). Due to the local character of the coefficients of the 



asymptotic expansion of the trace of the heat kernel |Tl[ , for a generic compact surface without 
boundaries such a relation becomes 3^i(l-«i) where the sum runs over the vertices and can be 
rewritten as 2>\ being x the Euler characteristic of the surface, in agreement with the Atiyah- 



Singer [13| index theorem applied to L^L and LL^ Q. We remark that such a topological 



relation is satisfied only by our choice 5 = a — 1 for K, among all the possibilities 5 = a — N. 

The terms concerning the zero modes in eq.([5]) in the continuum approach are cancelled by 
the variations of other non-local terms appearing in the measure JF]; so, we shall concentrate 
on the H and K terms and show that such terms can be explicitly computed, giving a results 
which is 26 times the conformal anomaly of a scalar field as it happens in the continuum. 

Substituting the explicit value of 5a eq.fJD i n equation (0) and noting that Cq and Cq depend 
only on a we have 

<0) = 1e5c« + (SX - A-)[< - 2c^] + 

a 

+4— / dx ln(a\x\) K(x, x, t) - 2— / dx Infold) H(x, x, t). (32) 
a J a J 

Using fl3"0p and (ftT|) we obtain 

5Z^ X '(0) = lE 64 + (5X - A— - a ) + — [AI K (a) - 2I H (a)] = 

aba a 



(5a- 13)(a-T 

IE — 



—/(a) + ^-XSa (33) 
a 3 



12a 

where the two integrals Ik(oc) and Iff (a) have a form very similar that of Aurell and Salomonson 



Eq. (|33l) holds for a cone; the extension to a generic Regge surface is done exactly along the 
lines of . If the surface is compact and closed we have J2i — and the last term in (|33|) 
can be dropped. Up to now we have considered L^L acting on £. Actually, as the complex field 
has two independent components, one should consider at the same time the complex conjugate 



operator UL acting on £ 0, with the result that all the traces up to now computed have to 
be multiplied by 2. 
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Finally denoting with Wi the complex coordinates of the vertices on the plane on which the 
Regge surface is unfolded as done in |J, we obtain for the logarithm of the FP determinant 

^ v l A 3± ln lw . _ Wjl _ J2 F ( ai ) (34) 

U - - / ■ CK7 
f f 1 

where i^(a) is the primitive of added to 7sc^(a) and can be written in the form of an 

a 

integral representation. 

The term with the double sum is exactly 26 times the analogous term appearing in the result 
of Aurell and Salomonson for the determinant of a scalar field, i.e. the conformal anomaly. In 
the continuum limit «j — 1 ~ being N the number of vertices and for iV — > oo it goes over 
to the correct continuum limit ||. J2% F{ a i) m the continuum limit (a, = 1 + £% — ► 0) goes 
over to F'(l) Y^i e i + cost, and thus becomes a topological term. Generalizations to surfaces of 
higher genus are easily obtained. 

We point out that our results, derived by the regularization of the tip of the cone by 
means of a segment of sphere or pseudo-sphere, are largely independent of the details of this 
regularization. In fact the effect of our regularization is that to impose (apart from a correction 
that behaves like p 2 and that vanishes in the limit p — > 0) a fixed logarithmic derivative of 
e -2cr £ at the boundary, combined with the fact the for m > the regular eigenfunction of L^L 
to the null eigenvalue has the form e 2a u m . 

Imposing Dirichlet boundary condition for the field £ on a small circle and then making the 
radius of the circle vanish, reproduce eq.(^4[) only for 1 < a < 2. At the same time the field 
h = J|£ will violate the Dirichlet boundary condition in the same range of a, as 5 = 2a — 1 
no longer lies in the limits < 5 < 1. With Neumann boundary conditions we have the same 
situation in the interval | < a < 2. 

Our boundary conditions span the whole range \ < a < 2, at the boundary of which both 
the L 2 character of the eigenfunctions and the procedure for obtaining eq.(^), for 5 = a — 1 or 
5 = 2a — 1, are lost. For < a < | with our boundary conditions we obtain 5 = a and for 
iV<a<iV+lwe have 5 = a — N, thus introducing a non analytic behavior of det'L'L as a 
function of a. This is not completely unexpected as a non analytic behavior is already present 
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in cq for the Green function of a particle on a cone as a function of the magnetic flux through 



the tip of the cone [11], which in our case represents the phase change. 
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